In this work, the inverse bi-viscous model [Physics of Fluids 29, 103104 (2017)] is used to describe a shear-thickening fluid. An analytical velocity profile in a planar Poiseuille flow is utilized to calculate an approximate solution to the generalized lubrication force between two close spheres interacting hydrodynamically in such a medium. This approximate analytical expression is compared to the exact numerical solution.The flow topology of the shear-thickening transition within the interparticle gap is also shown and discussed in relation to the behaviour of the lubrication force.
I. INTRODUCTION
Particulate suspensions are ubiquitous in nature and industrial applications, and the understanding of their flow properties represents both a challenging academic and technical problem. From a computational point of view, the dilute and semi-dilute regimes are generally amenable of direct numerical simulations where one resolves precisely the flow of the suspending phase and the rigid body dynamics of the suspended particles is coupled to the surrounding fluid solution via suitable fluid/structure-interaction schemes (e.g. detailed force balance, distributed Lagrange multiplier, force coupling method or immersed boundary methods) 1 . These approaches have been successfully applied to suspensions with Newtonian and non-Newtonian matrices using finite volumes/elements techniques 2-5 and Lagrangian methods [6] [7] [8] [9] .
In very dense systems however, particles under flow can get very close to each other (i.e. the average interparticle separation is much smaller than the particle radius) entering the socalled lubrication regime. In this case long-range hydrodynamic interactions are screened out and one can restrict the multi-body problem to a set of solid particles interacting pairwisely via short-range dissipative (i.e. lubrication) forces. This approach allows to bypass the need to resolve flow features at very small scales -i.e. in the vanishing gaps between nearly touching objects -which can be numerically very time consuming. On the other hand, this 'simplification' introduces novel challenges of both, numerical and modelling nature. From a computational perspective, analytical solutions for the lubrication drag resulting from the squeezing flow between close spheres is diverging for vanishing interparticle gaps and it requires specific implicit techniques for an accurate and stable integration 10, 11 . With regard to the modelling issue, although the problem of nearly touching lubricated spheres in a simple Newtonian solvent has been widely studied, there are scarce analytical works focusing on the corresponding problem with non-Newtonian suspending media [12] [13] [14] . At the same time, dense particulate systems interacting with complex non-Newtonian media are very common in practical applications and it is therefore of paramount importance to address the problem of generalized lubrication interactions in complex liquids. For a review, see Chapter 10 of
Ref. 15 and [16] [17] [18] .
In 19 we have studied the problem of lubrication between two spheres in a shear-thinning medium modelled by the so-called bi-viscosity model. This was originally introduced in 20 to model viscoplastic fluids with a pseudo-yield stress. Recently the model has been also used to incorporate shear-rate dependent slippage effects 21 on effective lubrication between particles.
In this work, we consider the alternative case of a suspending non-Newtonian liquid exhibiting discontinuous shear-thickening (DST) rheological response and derive the resulting analytical expression for the interparticle lubrication force between two solid spheres suspended in such a medium. DST is a general phenomenon in several complex liquids and refers to a significant increase of liquid viscosity when large shear-rates or stresses are applied 22 . It happens typically at very large shear rates and has profound implications for several processing conditions as it limits transport of paints, inks and other concentrated dispersions in spraying, coating and pumping operations but, when properly controlled, can be also used to engineer novel materials as selective dampers and shock absorbers 23, 24 .
Specifically to the system considered here, an analytical pairwise lubrication force between particles immersed in a DST matrix can be used to perform efficient particulate flow simulations of the kind of complex suspension studied experimentally in 25 , using minimal pairwise lubrication models, i.e. without the need to resolve the entire flow around the particles.
In this work we consider two spheres immersed in a shear-thickening fluid and we aim at the analytical derivation of the resulting complex lubrication force acting on them. As we said before, the shear-thickening fluid is modelled as an inverse biviscous model with viscosity defined as
where η 1 > η 0 and m and n are constants ensuring the continuity of the viscosity function and momentum balance. As discussed in Ref. 26 , a truly DST model is obtained as a limit of δγ → 0 in the regularized model presented above and it captures the essential physics of sudden increase in flow resistance of DST fluids, but modelling is limited to a generalized Newtonian framework. In this paper, we follow the route proposed in 19 to derive the overall The structure of the paper is the following one: in Sec. 2, as a corollary the preliminary result for the flow of a inverse bi-viscous fluid driven by a constant pressure gradient between two parallel plates is discussed. This result is used in Sec. 3, where the calculation of the normal lubrication force between two spheres is presented. We consider the case of noncolloidal spherical particles suspended in a DST-liquids in Sec. 4 where the effect of relative particle velocity, viscosity ratio η 1 /η 0 as well as choice of shear rateγ c are explored. The local topology of the regions with different viscosities is also analyzed in Sec. 4. Finally conclusions are provided in Sec. 5.
II. CALCULATION OF THE NORMAL LUBRICATION FORCE

A. Definition of the different regions
Let us consider the squeezing flow between two very close spheres of radius a 1 and a 2 .
The normal relative velocity between spheres is V . The system of reference and geometry of the problem is summarized in Fig. 1 .
If we consider only small gaps between spheres, their surfaces z 1 (r) and z 2 (r) can be approximated by paraboloids. Thus, the distance between them can be defined as h(r) =
, where
and h 0 is the distance between surfaces at r = 0 27 .
As in the lubrication force calculation between two spheres in a Newtonian fluid 27 , we can consider that the squeezing fluid is moving uni-directionally along the r coordinate if the velocity V is sufficiently small. The result obtained in 26 for the planar flow of an inverse bi-viscous shear-thickening fluid, with the rheology given by Eq. (1), under the influence of a constant pressure gradient can be then used here. For a given coordinate r, different velocity profiles can be distinguished depending on the value of the following lengths:
where the pressure gradient ∂p/∂r(r) has been considered negative (squeezing flow) and its formal expression still needs to be determined. For the sake of completeness we briefly explain the effect of z c (r) and z ′ c (r) on the velocity profiles. For a further understanding of the reader is referred to Ref. 26 . Three different regimes can be distinguished: if z c ≥ h(r)/2, the critical shear rateγ c is not reached at any z coordinate, and the solution at coordinate r reduces to the standard Poiseuille flow for a mono-viscous fluid of viscosity η 0 (regime I).
If z c < h(r)/2 and z ′ c ≥ h(r)/2 the fluid at the coordinate r is in the regime II, where a limitation in the shear rate toγ c shows up in the closest regions of the gap to the wall 26 .
Such a limitation comes from the fact that when the critical shear rateγ c is reached, the viscosity is increased, and the shear rate reduces belowγ c . In the practice, this means that in those regions in the limit of δγ → 0 the shear rate will be equal toγ c . Finally, if z ′ c < h(r)/2 the regions of limited shear rate get closer to the center, displaced by a region of viscosity η 1 (regime III). The velocity profile can be written then as follows:
where R I , R II and R III are, respectively, the regions of the space where the fluid is in the regimes I, II or III respectively. The explicit expressions of the velocity profiles have been calculated in section II C from Ref. 26 and read
where c(r) = (z 1 (r) + z 2 (r))/2 defines the center position of the channel. The use of I, II and III subscripts will be used along this work with the meaning defined in the above equation. Note that the quantities z 1 , z 2 , c, h, z c , z ′ c and ∂p/∂r depend on the r coordinate. For the sake of clarity such a dependency has not been explicitly written. The DST velocity profiles reported in Eq. (4) approximate very well the ones corresponding to the regularized DST version (1) when δγ/γ c ≪ 1 26 . Note also that thanks to the assumption that h 0 ≪ a the squeezing flow is unidirectional and radial.
For a Newtonian fluid, the maximum shear rateγ s for a given position r, which is located at the surfaces of the spheres, is given by
This function, which has been drawn in Fig. 2 , is characterized by a maximum valueγ max s at the position
whose value is given byγ max s ≡γ s (r max ) = 9 8
Therefore, the condition to obtain a non-Newtonian behavior at some coordinate r is gen-
The maximum shear rateγ s (r) depending on r of a Newtonian fluid. The pressure gradient of the fluid will be different than in the Newtonian case in the region r 1 < r < r 2 (regions R II and
which ensures that there will be some r coordinate in the regime II. There will be another critical shear rateγ ′ c >γ c , that will be used to determine the transition of the biviscous liquid to have a non-null R III region. Theγ three different regions can be distinguished
The latter case is the one drawn at Fig. 2 .
Calculation of r 1 and r 2 is made in a similar way to what done in Ref. 19 . Such a coordinates can be found by calculating the distances r whereγ s (r) is equal toγ c (see Fig. 2 
where r max was defined in (6). Eq. (11) is a quartic equation which has unique real solutions given by
where 
being
C. Calculation of the minimum gaps to have regions in the regimes II and III 
In the same way, by doingγ max s =γ ′ c at Eq. (7), one can calculate the minimum gap between spheres h ′lim 0 to observe the regime III in some r coordinate. It reads
D. Pressure gradient calculation
As in the classical calculation of the normal lubrication force between spheres in a squeezing flow, the pressure gradient can be calculated by using the law of conservation of mass.
As in the mono-viscous case, in the region R I is given by
In the case of the region R II , the conservation of mass reads
The integration in the latter equation is done by using the expression of u(r, z)| II from Eq.
(4), with the next result
where the relation between z c and ∂p/∂r, Eq. (2), has been used. By replacing Eqs. (20) and (5) in (19) , the next quadratic equation in z c is obtained
which can be easily solved, obtaining
Note that ifγ s (r)/γ c = 1 then 2z c (r)/h(r) = 1, ensuring the continuity of this solution between the regions R I and R II . It is also important to realize that whenγ s (r) > 3 2γ c the solution is not real. That means that the mass conservation law can not be hold for any value of z c (r). However, this limit is never achieved because region III is reached beforehand. 
The same procedure can be followed to calculate the pressure gradient in the region R III .
The conservation of mass applied to such a region reads
The integral on the latter equation can be calculated, obtaining
where Eq. (2) has been used again. By replacing Eqs. (26) and (5) 
It can be demonstrated that the solution to this equation is given by
The pressure gradient ∂p/∂r| III can be calculated from z ′ c by using Eq. (2). In order to calculate the pressure p(r) the pressure gradient must be integrated along the r coordinate. We have not found any analytical solutions to the integrals of the exact pressure gradients in regions R II and R III , so in the next section we will describe how to obtain approximated analytical solutions.
E. Pressure gradient approximations
In order to derive a practical analytical solution, we propose an approximated analytical expression for the pressure gradient. Such an expression must allow to be analytically integrated twice in order to calculate the force. The condition that the maximum shear rateγ max s lies betweenγ c andγ ′ c means that there is no coordinate r ∈ R III As a consequence the region of coordinates r in the regime II is given by r 1 < r ≤ r 2 . In this case, the only continuity issues on the pressure gradient expression that we should consider are the transitions between regimes I and II (at r 1 and r 2 ).
Specifically, we are going to approximate 2z c (r)/h(r)| II given by Eq. (22) . Such a function has a minimum between r 1 and r 2 at r max = ), so one can approximate this function with a two-piecewise linear function. The first piece will interpolate this function at r 1 and r max , and the second piece at r max and r 2 . The approximated pressure gradient reads then ∂p ∂r (r)
where
and
In general, we have checked that the pressure gradient in the region R III can not be satisfactorily approximated by a one or two-piecewise linear function as was done for the region R II . So, in order to find an approximation of ∂p/∂r at this region, a different route will be followed which is similar to the one used in Ref. 19 . If Eq. (27) is written in terms of
′ c /h, the next cubic equation is obtained
where p and q have already been defined in Eq. (28) . This function will be approached by its linear interpolation at points x = 0 and x = 1. Note that taking the interpolation point at x = 0 ensures the continuity of this expression for the transition between R II and R III .
The interpolation at x = 1 ensures a good behavior of this approximation when the pressure gradient is very big and 2z
′ c /h is close to 1. With this interpolation, the approximated A(x) function reads
Introducing such an approximation at Eq. (37) the next expression for z ′ c can be found 2z
and from the latter an approximation for the pressure gradient at R III can be calculated
III. LUBRICATION FORCE
In order to calculate the force, the pressure gradient must be integrated first to obtain an expression for the pressure, as follows
More details about the calculation of the pressure and the detailed results obtained can be consulted in the appendix A. From the pressure the lubrication force can be calculated by integration as
The reader is referred to the appendix B to consult the explicit calculation of the lubrication force. For the sake of clarity just the final result is shown here, which reads
with h lim 0 and h ′lim 0 defined in Eq. (16)- (17) and with the next expressions for F 1 , F 2 and F 3
where λ 2 and λ 3 are defined in the Appendix.
IV. RESULTS
In Fig. 3 we have compared the approximated analytical expression proposed in Eq. (44) with the exact solution calculated numerically for three different viscosity ratios η 1 /η 0 = 10, 100, 1000. The other parameters are the reduced particle radius a = 25 µm corresponding to a typical non-colloidal case (particle radii a 1 = a 2 ), low-viscosity plateau η 0 = 10 −3 P a · s, high-viscosity plateau is η 1 . Finally, critical shear-rate for DST transition is chosen to bė γ c = 6000 s −1 and the normally approaching particle velocity V = 0.1 mm/s. At 'large' interparticle distances (still much smaller than a, to be in the lubrication regime), the hydrodynamic lubrication interaction between two spheres mediated by the DST solvent liquid As discussed above, at 'large' distances no transition is observed and the behavior is trivially Newtonian (regime I: not shown here). At moderate distances (Fig. 4 A) , a first transition is triggered with the fluid behaving quasi-everywhere as Newtonian (light gray) except in two small areas (dark gray) close to the sphere's surfaces where the shear-rate is constant (regime II). These gray regions grow as particles get closer (Fig. 4 B) as a result of the increase of the region II, until a second transition (Fig. 4 C) occurs with two new areas (black) appearing again near the sphere's surfaces (regime III). The size of the areas progressively increases pervading the entire space in the gap, with the exception of a small region located symmetrically along the center-to-center distance (Fig. 4 D, E) . Note also the thin horizontal region connecting the central region of viscosity η 0 with the outside flow domain (also at viscosity η 0 ). The connecting region becomes progressively thinner as the two spheres get closer until finally, for very small gaps (Fig. 4 F) it is required that h 0 /a ≪ 1 where a is the radius of the large non-colloidal particles (Fig. 1 ).
Typically h 0 /a < ∼ 0.1 is a reasonable choice. Therefore our lubrication model is accurate for dimensionless interparticle distances: R coll /a < h 0 /a < 0.1 (Fig. 1) . At larger distances h 0 lubrication does not hold. At smaller distances the continuum assumption breaks down. Therefore, the smaller the ratio R coll /a, the wider will be the regime of applicability of the present model. 
V. CONCLUSIONS
